The purpose of this study is to approximate the stream function and temperature distribution of the MHD flow in a laminar liquid film from a horizontal stretching surface. In this paper DTM-Padé method was used which is a combination of differential transform method DTM and Padé approximant. The DTM solutions are only valid for small values of independent variables. Comparison between the solutions obtained by the DTM and the DTM-Padé with numerical solution fourth-order Runge-Kutta revealed that the DTM-Padé method is an excellent method for solving MHD boundary-layer equations.
Introduction
As the researches indicated, the nonlinear equations are one of the most important phenomena across the world. Nonlinear phenomena have important effects on applied mathematics, physics, and issues related to engineering. Then the variation of each parameter depends on different factors. The importance of obtaining the exact or approximate solutions of nonlinear partial differential equations NLPDEs in physics and mathematics is still a big problem that needs new methods to discover new exact or approximate solutions. Most of nonlinear equations do not have a precise analytic solution; so numerical methods have largely been used to handle these equations. There are also some analytic techniques for nonlinear equations. Some of the classic analytic methods are Lyapunov's artificial small parameter method 1 , perturbation techniques 2-11 , and δ-expansion method 12 . In the recent years, many authors mainly had paid attention to study solutions of nonlinear partial differential equations by using various methods. Among these are the Adomian decomposition method ADM 13, 14 , tanh method, homotopy perturbation method HPM , sinh-cosh method, HAM, the DTM, and variational iteration method VIM 15, 16 .
Mathematical Problems in Engineering
Magnetohydrodynamics MHD is the study of the interaction of conducting fluids with electromagnetic phenomena. The flow of an electrically conducting fluid in the presence of a magnetic field is of importance in various areas of technology and engineering such as MHD power generation, MHD flow meters, and MHD pumps 17-22 . The viscous flow due to stretching boundary is important in extrusion processes where sheet material is pulled out of an orifice with increasing velocity. If the boundary velocity is linear with respect to a fixed point, exact solutions of the Navier-Stokes equations may be obtained 23, 24 . In recent years the analysis of fluid flow across a thin liquid film has attracted the attention of a number of researchers because of its possible applications in many branches of science and technology. The knowledge of flow and heat transfer within a thin liquid film is crucial in understanding the coating process and design of various heat exchangers and chemical processing equipments. Other applications include wire and fiber coating, food stuff processing, reactor fluidization, and transpiration cooling. The prime aim in almost every extrusion applications is to maintain the surface quality of the extrudate. All coating processes demand a smooth glossy surface to meet the requirements for best appearance and optimum service properties such as low friction, transparency, and strength. The problem of extrusion of thin surface layers needs special attention to gain some knowledge for controlling the coating product efficiently.
The motivation of this letter is the use of the differential transform method and Padé approximant to construct analytical approximate solutions of the Heat transfer in a liquid film over an unsteady stretching surface with viscous dissipation in presence of external magnetic field. The concept of differential transform method was first introduced by Zhou 25 in 1986 and it was used to solve both linear and nonlinear initial value problems in electric circuit analysis. The main advantage of this method is that it can be applied directly to NLPDEs without requiring linearization, discretization, or perturbation. It is a semianalytical-numerical technique that formulizes Taylor series in a very different manner. This method constructs, for differential equations, an analytical solution in the form of a polynomial. Not like the traditional high-order Taylor series method that requires symbolic computation, the DTM is an iterative procedure for obtaining Taylor series solutions. Another important advantage is that this method reduces the size of computational work while the Taylor series method is computationally taken long time for large orders. This method is well addressed in 26-33 .
Mathematical Formulation

Governing Equations and Boundary Conditions
Consider a thin elastic liquid film of uniform thickness h t lying on the horizontal stretching sheet. The x-axis is chosen in the direction along which the sheet is set to motion and the y-axis is taken perpendicular to it. The fluid motion within the film is primarily caused solely by stretching of the sheet. The sheet is stretched by the action of two equal and opposite forces along the x-axis. The sheet is assumed to have velocity U and the flow field is exposed to the influence of an external transverse magnetic field of strength B. We have neglected the effect of latent heat due to evaporation by assuming the liquid to be nonvolatile. Further the buoyancy is neglected due to the relatively thin liquid film, but it is not so thin that intermolecular forces come into play. The velocity and temperature fields of the liquid film obey the following boundary-layer equations: 
2.3
The pressure in the surrounding gas phase is assumed to be uniform and the gravity force gives rise to a hydrostatic pressure variation in the liquid film. In order to justify the boundary-layer approximation, the length scale in the primary flow direction must be significantly larger than the length scale in the cross stream direction. We choose the representative measure of the film thickness to be υ/b 1/2 so that the scale ratio is large enough. This choice of length scale enables us to employ the boundary-layer approximations.
Further it is assumed that the induced magnetic field is negligibly small. The associated boundary conditions are given by
At this juncture we make a note that the mathematical problem is implicitly formulated only for x ≥ 0. Further it is assumed that the surface of the planar liquid film is smooth so as to avoid the complications due to surface waves. The influence of interfacial shear due to the quiescent atmosphere, in other words the effect of surface tension, is assumed to be negligible. The viscous shear stress τ μ ∂u/∂y and the heat flux q − k ∂T/∂y vanish at the adiabatic free surface at y h . Let us consider a thin elastic sheet which emerges from a narrow slit at the origin of a Cartesian coordinate system. The continuous sheet at y 0 is parallel with the x-axis and moves in its own plane with the velocity
where b and α are both positive constants with dimension per time. The surface temperature T s of the stretching sheet is assumed to vary with the distance x from the slit as Mathematical Problems in Engineering number based on the surface velocity U. The expression 2.7 for the velocity of the sheet U x, t reflects that the elastic sheet which is fixed at the origin is stretched by applying a force in the positive x-direction and the effective stretching rate b/ 1 − αt increases with time as 0 ≤ α < 1. With the same analogy the expression for the surface temperature T s x, t given by 2.8 represents a situation in which the sheet temperature decreases from T 0 at the slit in proportion to x 2 and such that the amount of temperature reduction along the sheet increases with time. The applied transverse magnetic field is assumed to be of variable kind and is chosen in its special form as
The particular form of the expressions for U x, t , T s x, t , and B x, t are chosen so as to facilitate the construction of a new similarity transformation which enables in transforming the governing partial differential equations of momentum and heat transfer into a set of nonlinear ordinary differential equations.
Similarity Transformations
We now introduce dimensionless variables fand q and the similarity variable η as
2.12
The physical stream function ψ x, y, t automatically assures mass conversion given in 2.1 . The velocity components are readily obtained as
2.14 The system of partial differential equations 2.1 -2.3 with boundary conditions 2.4 -2.6 transforms exactly into a set of ordinary differential equations and their associated boundary Mathematical Problems in Engineering 5 conditions 34 :
2.19
Here S ≡ α/b is the dimensionless measure of the unsteadiness and the prime indicates differentiation with respect to η. Further, β denotes the value of the similarity variable h at the free surface so that 2.12 gives
Yet b is an unknown constant, which should be determined as an integral part of the boundary value problem. The rate at which film thickness varies can be obtained differentiating equation 2.20 with respect to t, in the form
2.21
Thus the kinematics constraint at y h t given by 2.6 transforms into the free surface condition 2.21 . It is noteworthy that the momentum boundary-layer equation defined by 2.15 subject to the relevant boundary conditions 2.17 -2.19 is decoupled from the thermal field; on the other hand the temperature field θ η is coupled with the velocity field f η . Since the sheet is stretched horizontally, the convection least affects the flow i.e., buoyancy effect is negligibly small and hence there is a one-way coupling of velocity and thermal fields.
The local skin friction coefficient, which of practical importance, is given by
and the heat transfer between the surface and the fluid conventionally expressed in dimensionless form as a local Nusselt number is given by Table 1 Original function Transformed function
where Re x Ux/υ denotes the local Reynolds number and T ref denotes the same reference temperature temperature difference as in 2.8 . We now march on to find the solution of the boundary value problem 2.15 -2.19 .
The Differential Transform Method
Transformation of the kth derivative of a function in one variable is as follows 35 :
and the inverse transformation is defined by 36
where F k is the differential transform of f t .
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Taking differential transform of 2.15 -2.16 by using the related definitions in Table 1 , we obtain
and by using the DTM, the boundary conditions 2.17 and 2.18 are transformed into a recurrence equation that finally leads to the solution of a system of algebraic equations. We can consider the boundary conditions 3.4 as follows:
3.5
The differential transform of the boundary conditions is as follows:
Results and Discussion
System of nonlinear ordinary differential equations 3.4 with transformed boundary conditions was solved analytically using the DTM and the DTM-Padé. As there are not exact solutions for nonlinear equations, a comparison of analytical and numerical solutions was conducted. In numerical solutions, the fourth-order Runge-Kutta method was applied. It should be noted that the solution exists only for small value of unsteadiness parameter 0 ≤ S ≤ 2. After finding the DTM solutions for 3.4 , the Padé approximant must be applied. Ismail and Abd Rabboh 37 presented a restrictive Padé approximation for the generalized 
Conclusion
In the present study, the DTM and DTM-Padé were used to find analytical solutions of magnetohydrodynamics boundary-layer equations. It was found that DTM-Padé is a 
Superscripts
': First derivative ": Second derivative "': Third derivative.
